The main methods used to obtain analytical theories of perturbed motion in celestial mechanics are based on the expansion of the disturbing function in trigonometric series of the mean anomalies (or longitudes). In this paper a new method based on the double Fourier series expansion using the true anomalies (or longitudes) is developed. The method involves a semi-analytical technique to allow the expansion of the inverse of the distance with great accuracy, and a new integration technique using a linear combination of the true anomalies based on an iterative method to integrate each term of the expansion of the Lagrange planetary equations.
Introduction
One of main problems in celestial mechanics is the construction of the theories of the perturbed motion of celestial bodies. The motion of an asteroid or a planet around the Sun can be considered as a problem of two bodies disturbed by the other planets. The two body problem is well-known integrable problem, and it is completely defined in the elliptic case by means of the orbital elements a semi-axis, e eccentricity, i orbit inclination, argument of the ascending node, perihelion argument and , mean anomaly in the initial epoch t 0 [1, set III] . The position of the secondary can be computed from the equations:
where r is the vector radius and V the true anomaly. The vector radius can be obtained from the equation:
Depending on the eccentric anomaly E the position in the orbital plane can be obtained from the equations:
= a(cos E − e), = a 1 − e 2 sin E (2) and for the vector radius r: r = a(1 − e cos E).
The values of the true and eccentric anomalies according to t are arranged by the mean anomaly defined as M = + n(t − t 0 ), where n is the mean motion given by the third law of Kepler = n 2 a 3 , ( = G(M + m) G is the gravitation constant, M the primary mass, and m the mass of the secondary). The relation between eccentric and mean anomaly is achieved by the Kepler equation:
The true and mean anomalies are related by the centre equation:
The exact values of C k (e) functions can be obtained from Tisserand [7] . The spatial position (x, y, z) of the secondary is found by
where R 1 is the rotation matrix around the OX axis, and R 3 that around the OZ axis. The perturbed motion can be obtained by the method of constant variations, which is performed by means of the Lagrange planetary equations. In Keplerian elements, the planetary equations can be written as
where R is the disturbing potential given by
To evaluate the second member of the Lagrange planetary equations, we proceed in the same way as Simon [2] , and for a generic element we have
The values of jx/j , jy/j , jz/j can be obtained from Llevallois [5] .
To evaluate these derivatives it is necessary to calculate the inverse of the distance between the disturbing and disturbed bodies as a Fourier series of the temporal variable.
Expansion of the inverse of the distance
To expand the inverse of the distance we can proceed by pure analytical methods (see [7, 6, 3] ) or by means of semi-analytical methods ( [4, 2] ).
To obtain semi-analytical methods, let S be the angle between the vectors − → r , and − → r . The distance between the secondary and the disturbing body is given as
To expand 2 in Fourier series of the true anomalies, the vector radii r and r can be replaced by the expansions of Eq. (2), (see [7] ). The cos S is done found according to the true anomalies by means of finite expression as
where
The Kovalewky algorithm is defined by the iteration formula
The value of can be calculated as
where the index k is the number of the iteration. An appropriated first approximation ( [7] ) can be taken as
where = a/a , and b (j ) s are the Laplace coefficients defined ( [7] ) as
where F is the Gauss hypergeometrical function and (s) j are the Pochhammer symbols. The cos jS can be written according to the cosinus of the quantities q 1 V 1 + q 2 V 2 + q 1 ,q 2 using the iteration formula
To expand 1/ in eccentric anomalies Fourier series, we can replace cosinus in Eqs. (11) and (12) by their expansions in eccentric anomalies. In this case, Eq. (11) is an infinite series. To expand the inverse of the distance in mean anomalies, we can replace r n cos mV and r n sin mV using the Hansen functions X n,m
The expressions of X n,m k (e) can be taken from Tisserand [7] .
where = e/1 + √ 1 − e 2 , and P s , Q s are defined as
where P s , and Q s are the functions
The inverse of the distance can be developed in Fourier series as
where q 1 , q 2 , are integers; 1 , 2 are the true, eccentric or mean anomalies, and A q 1 ,q 2 , q 1 ,q 2 are real constants. The length of the series is shorter using the true anomalies than with eccentric or mean anomalies.
Integration of the planetary equations using the true anomalies
To integrate the Lagrange planetary equations, we proceed by means of the perturbation method, taking in first order, the values of the elements in the initial osculation epoch and so we expand the second members by means the equations (7), (8), (18). For a generic element , we have the differential equatioṅ
Classical methods take the mean anomalies M 1 , M 2 as temporal variables in the integration process, in this case the integration is immediate but the expansions can be very long.
To use expansions shorter, we can employ the true (or eccentrics) anomalies, but the integration process is not direct so it is necessary to obtain a representation of the mean anomaly according to the true anomaly. Let C = 2 ab/T be the integral of areas, and n = 2 /T the mean motion. The constant of the areas satisfies r 2 dV = C, and from Eq. (1) we have
Let z = exp( √ −1V ), and let G(e, z) be the function defined as
For each value of e < 1, G(e, z) is a holomorphic function in the ring
where k 1 , k 2 ∈ R are the roots of the denominator of Eq. (21), with 0 < k 1 < 1 < k 2 . The function G(e, z) can be expanded as Laurent series in the complex region {z ∈ C| 1 |z| 2 } with
and so
The functions K k (e) can be defined as
where odd(k) = 1 if k is odd and odd(k) = 0 if k is even.
The functions K k (e) satisfy the following properties:
The first values of the functions K k are given in closed form by
, 4 .
The centre equation can be inverted as
To integrate (19) we proceed as follows:
If we introduce the variable = q 1 V 1 + q 2 V 2 for the integration of the term cos(q 1 V 1 + q 2 V 2 + q 1 ,q 2 ), from Eq. (23) we have
from this equation we have
replacing dV 1 and dV 2 in this equation by
we get Table 3 Numerical coefficients of the main terms 
The function g (j ) is of the first order in e j and so
where the last term is of first order in e 1 , e 2 . This method can be applied as an iterative method where each iteration increases the order in the eccentricities for the residual integrals by one.
Numerical results
The method has been tested for a couple of two bodies with orbital elements given from Table 1 . Table 2 shows the length of the expansions for trues, means, and eccentric anomalies. The main terms in the inverse of distance expansion for the five first iterations are show in the Table 3 . n it represent the iteration number in Table 3 . To illustrate the integration we take the term Neglecting terms below 10 −9 we have for the first iteration 
Concluding remarks
The method is suitable constructing the semi-analytical theories of the motion of bodies in the solar system. The use of the true anomalies as temporal variable allows the utilisation of shorter developments than if others anomalies are used.
The integration process can be automated by using an appropriated algorithm, and their results are comparable in accuracy with those of other techniques.
